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Nonequilibrium and Differential Diffusion Effects
in Turbulent Hydrogen Diffusion Flames
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The prediction of thermal NO formation in turbulent hydrogen– air diffusion � ames is studied using
the laminar � amelet concept. Each of the laminar � amelets is subject to a different state of nonequi-
librium. The theoretical parameter for this effect is the scalar dissipation rate. In the literature, this
parameter sometimes has been interpreted as the strain rate. Recent results imply that only by using the
scalar dissipation rate can the experimentally established scaling behavior of the NO emission index be
predicted. Detailed comparisons between � amelet-based predictions and measurements of temperature,
major species, and NO for diluted turbulent hydrogen diffusion � ames are presented. These comparisons
show that differential diffusion effects in the laminar � amelets are very important and lead to overpredic-
tions of NO in the far � eld of turbulent hydrogen � ames. Suppressing differential diffusion by assuming
unity Lewis numbers for all species is shown to reduce the far-� eld overpredictions, but it leads to an
underestimation of the near-� eld NO mass fractions. Velocity and scalar (including temperature and NO
mass fractions) predictions agree relatively well in the near � eld of the investigated diluted hydrogen
� ames.

Nomenclature
a = strain rate
Cp = mixture heat capacity
D = nozzle diameter

= diffusion coef� cient
EINOx = emission index
F = mean mixture fraction
f = mixture fraction

2f = mean scalar variance
Le = Lewis number
P( ) = probability density function of
r = radial distance
T = temperature
U = mean axial velocity
u = velocity
wÇ NO = production rate of NO
x = axial distance
Yi = mass fraction of species i
y = spatial normal coordinate in the laminar � amelets

f = mean scalar dissipation rate
= mixture heat conductivity
= density
= generalized variable
= instantaneous scalar dissipation rate

Subscripts
j = jet � uid
st = stoichiometric

Superscripts
q = quenching value
˜ = Favre average of
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¯ = conventional average of
= conventional � uctuation
= Favre � uctuation

I. Introduction

N O production is important in the context of current in-
creasing regulations on pollutant emissions on, for in-

stance, aircraft engines. Turbulent hydrogen jet diffusion
� ames represent a useful test case for turbulent combustion
models because they combine a relative simplicity of the � ow-
� eld, well-known chemical kinetics, and challenging turbu-
lence– chemistry interactions such as nonequilibrium effects
and differential diffusion effects. Turns1 recently reviewed the
experimental and modeling efforts in this � eld. One of the
current turbulent combustion models that includes nonequi-
librium and differential diffusion effects is the laminar � amelet
model for turbulent combustion.2 This model is based on a
conserved scalar (mixture fraction) approach and nonequilib-
rium effects are taken into account by the local scalar dissi-
pation rate. The model views the turbulent � ame as an ensem-
ble of laminar one-dimensional stretched diffusion � amelets.
These laminar � ames are computed including detailed chem-
istry. When detailed molecular transport is used, differential
diffusion effects are present. An important aspect of the � ame-
let method is its ability to take nonequilibrium effects into
account. These nonequilibrium effects provoke a reduction in
� ame temperature and changes in radical species concentra-
tions. This can strongly in� uence pollutant formation, such as
NO production.

Of particular interest is the global scaling behavior of the
NO emission index EINOx as a function of the burner exit
parameters such as U j, D, and the fuel dilution. The EINOx is
de� ned as the total mass (g) of NO produced per kg of fuel
injected. Experimental data in Refs. 3 and 4 showed a scaling
with a slope 0.5 on a log– log plot of EINOx vs the global
� ame Damköhler number. These data have been used to test
turbulent combustion models. In particular, the joint probabil-
ity density function (PDF) transport equation method,5 applied
in Refs. 6 and 7, reproduces this scaling behavior. The con-
ditional moment closure (CMC) method8 also produces ap-
proximately a 0.5 slope. However, chemical equilibrium
models9– 12 give a slope of 1, which clearly indicates that
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nonequilibrium effects are important and equilibrium models
cannot be used for NO predictions.

The � amelet model needs a parameter that quanti� es non-
equilibrium effects. Theoretically this is the scalar dissipation
rate, as mentioned earlier, but often the strain rate has been
used instead.13– 17 Sanders and Gökalp18 showed semianalyti-
cally that using the strain rate will give a slope even larger
than 1, which means that nonequilibrium effects quanti� ed by
the strain rate work in the wrong direction. Performing full
turbulent � ame calculations, Sanders et al.19 recently showed
that the correct 0.5 slope is obtained with the � amelet method,
when the scalar dissipation rate is used as the nonequilibrium
parameter. However, absolute values of EINOx are a factor of
10 too high and this is attributed to differential diffusion ef-
fects. Preferential diffusion of H2 with respect to other species
leads to a relative increase of H2 molecules that reach the � ame
zone, and thus to an increase of the � ame temperature with
respect to the case where all diffusivities are equal. These high
� ame temperatures also lead to high NO production rates.

In the present study, the characteristics of the � amelet model
are investigated in more detail by making detailed comparisons
with the experimental data of Meier et al.20 on diluted H2– N 2

turbulent diffusion � ames, which include data on NO mass
fractions.

II. Turbulent Combustion Model
A second-order turbulence model based on the work of

Launder et al.21 is used, but with a different constant for the
return to isotropy term to account for the problem of predicting
accurately the spreading rates of round jets. Buoyancy effects
in the mean axial momentum equation and buoyancy-induced
turbulence production are taken into account as well. The
model is given in detail in Ref. 22 as the model RSM II. The
same model, but without buoyancy terms, has also been given
in Ref. 19.

In the present � amelet method, the instantaneous thermo-
chemical state of the � ame depends on the combustion invar-
iant f and on a nonequilibrium parameter. In line with our
previous study,19 the nonequilibrium parameter is assigned as

, i.e., = ( f, ). The scalar dissipation rate is de� ned as

f f
= 2

x xj j

where is a representative molecular diffusion coef� cient.
The mixture fraction in the laminar � amelets is taken to be the
hydrogen element mass fraction.

The (Favre) mean of a thermochemical variable that obeys
fast chemical kinetic processes is obtained by averaging the
laminar � amelet data over the mixture fraction and the scalar
dissipation rate. Thus, the mean of a variable , which can be
T, Yi, or (but not , see the following text), is then˜w YNO NO

1

˜ ˜= d f d P( f, ) ( f, )
0 0

(1)
1

P̃( f, )1( ¯ ) = d f d
( f, )0 0

Here, ( f, ) is the joint PDF of f and . The variablesP̃
( f, ) are a function of the mixture fraction at a given value

of . In general, the scalar dissipation rate at stoichiometric
mixture st is used. One possibility to calculate ( f, st) is to
solve the system of differential equations in a quasi-one-di-
mensional diffusion � ame in the counter� ow con� guration.
Such a � ame is subjected to � ame stretch, quanti� ed by st

and the thermochemical quantities are a function of f only.
About 20 planar � amelets are used at different values of the
scalar dissipation rate i,st with i = 1 . . . nf, where nf is the

number of � amelets for a given dilution. Formally, the method
of using Eq. (1) is adequate for quantities that are a function
of f and st only, which restricts the procedure to fast, diffu-
sion-limited, chemical processes. The slow, kinetically-limited,
production of NO must therefore be obtained by solving the
transport equation for ỸNO

˜˜( ¯ uY ) = u Y w (2)NO NO NO

The mean rate in Eq. (2) is obtained by weighting thewNO

instantaneous rate wÇNO according to Eq. (1).
The joint PDF P( f, st) is modeled as P( f )P( st). P( f )

is approximated by a function using the � rst two moments,
namely, and , which can both be obtained by classically2f̃ f
modeled transport equations (see also Refs. 16 and 23). The
scalar dissipation rate model is based on proportionality of
mechanical and scalar time scales. Its PDF is modeled either
as a lognormal distribution or as a delta fuction at the mean
value, thus neglecting turbulent � uctuations. In the present
study the delta function is used.

Local � ame extinction is not considered in these � ames,
which means that if the local turbulent value of st exceeds the
maximum value of i,st, the � amelet with the maximum value
of st is taken. The neglect of local extinction is not considered
a limitation because the largest contribution to the total NO
production comes from the downstream � ame regions where
no local extinction effects are expected.

III. Laminar Flamelet Calculations
The laminar � amelet calculations are performed with a code

developed by Rogg.24 For a description of the equations that
are solved, for references for the numerical methods, and for
the hydrogen combustion mechanism used, see Ref. 25. For
each � amelet the strain rate at the oxidizer side a is imposed,
and values for a are chosen between 1 s 1 and the extinction
value aq. To describe nonequilibrium effects, the � amelet
method needs the scalar dissipation rate at stoichiometric con-
ditions st, as described earlier. This value is evaluated from
the calculated mixture fraction pro� le as

f f
= 2

y y

There exists an approximate proportionality in laminar � ame-
lets between a and st. However, this proportionality does not
hold for the mean values of these parameters in turbulent jet
� ames.

The formation of thermal NO is described by the extended
Zeldovich mechanism (see Table 1). Since the reaction N2

O NO N is the slowest, and thus rate determining, this
single reaction can be taken as an approximation of the whole
NO system. The thermochemical quantities of primary impor-
tance for NO formation are the temperature and the oxygen
radical concentration. The chemical kinetic scheme is given in
Table 1.

As mentioned in Sec. I, differential diffusion effects are im-
portant in hydrogen diffusion � ames. This can be illustrated
by comparing � amelet computations, which include differen-
tial diffusion effects as a result of use of detailed molecular
transport models, to equilibrium values. In Fig. 1 the � amelet
temperatures are shown as a function of the H-element-based
mixture fraction for various strain rates between a = 1/s and
10,000/s. The extinction strain rate is aq = 11,650/s, which is
lower than the one for pure H2– air � amelets ( aq = 14,000/s).
Figure 1 shows that the temperature strongly decreases with
increasing strain rate. The chemical equilibrium temperature is
also plotted. If all diffusivities in the � amelets had been equal,
all of the � amelet temperatures would be lower than the equi-
librium temperature. However, Fig. 1 shows higher maximum
� amelet temperatures at stoichiometry for all strain rates a <
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Table 1 Hydrogen reaction mechanism, including the thermal NO schemea

Number Reaction B E

1 H O2 ® OH O 2.000 1014 0.00 70.300
2 OH O ® H O2 1.568 1013 0.00 3.520
3 H2 O ® OH H 5.060 104 2.67 26.300
4 OH H ® H2 O 2.222 104 2.67 18.290
5 H2 OH ® H2O H 1.000 108 1.60 13.080
6 H2O H ® H2 OH 4.312 108 1.60 76.460
7 OH OH ® H2O O 1.500 109 1.14 0.420
8 H2O O ® OH OH 1.473 1010 1.14 71.090
9 H O2 M ® HO2 M 2.300 1018 0.80 0.000

10 HO2 M ® H O2 M 3.190 1018 0.80 195.390
11 HO2 H ® OH OH 1.500 1014 0.00 4.200
12 HO2 H ® H2 O2 2.500 1013 0.00 2.900
13 HO2 OH ® H2O O2 6.000 1013 0.00 0.000
14 HO2 H ® H2O O 3.000 1013 0.00 7.200
15 HO2 O ® OH O2 1.800 1013 0.00 1.700
16 HO2 HO2 ® H2O2 O2 2.500 1011 0.00 5.200
17 OH OH M ® H2O2 M 3.250 1022 2.00 0.000
18 H2O2 M ® OH OH M 1.692 1024 2.00 202.29
19 H2O2 H ® H2O OH 1.000 1013 0.00 15.000
20 H2O2 OH ® H2O HO2 5.400 1012 0.00 4.200
21 H2O HO2 ® H2O2 OH 1.802 1013 0.00 134.750
22 H H M ® H2 M 1.800 1018 1.00 0.000
23 OH H M ® H2O M 2.200 1022 2.00 0.000
24 O O M ® O2 M 2.900 1017 1.00 0.000
25 N2 O ® NO N 1.900 1014 0.00 319.030
26 NO N ® N2 O 4.22047 1013 0.00 4.253
27 NO H ® N OH 1.300 1014 0.00 205.850
28 N OH ® NO H 4.80384 1013 0.00 5.270
29 NO O ® N O2 2.400 109 1.00 161.670
30 N O2 ® NO O 1.13052 1010 1.00 27.838
a
Most of the data are taken from Ref. 25. The reaction rate kk of the k th reaction is given by kk =

exp( Ek /RuT ), with the activation energy Ek in kJ/mole and Ru is the universal gas constant.B Tk k

Third body coef� cients are H2O, 6.5; O2, 0.4; and N2, 0.4.

Fig. 1 Flamelet temperatures at various strain rates and the
equilibrium temperature for the 75% H2– 25% N 2 � amelets.

Fig. 2 Flamelet temperatures for Lei = 1 at various strain rates
and the equilibrium temperature for the 75% H2– 25% N 2 � ame-
lets.

100/s. This is because of the previously mentioned differential
diffusion effects. Only for higher strain rates does the maxi-
mum � amelet temperature decrease below the equilibrium
value. To show the effect of equal diffusivities for all species,
the diffusion � uxes in the � amelet calculation are evaluated
by setting the Lewis number for all species equal to one, i.e.,
Lei = / Cp = 1. The conductivity has been set to its value
for N2. In Fig. 2 the resulting � amelet temperatures are shown,
again together with the equilibrium values. Indeed, all � amelet
temperatures are below equilibrium, as expected, and weakly
strained � amelets approach the equilibrium values.

Nonequilibrium effects on the NO production rate as a func-
tion of the mixture fraction for various strain rates are shown
in Fig. 3. The increasing maximum production rate with strain
rate, which was shown in Ref. 19 to be very important re-
garding EINOx scaling behavior, can be observed. Also, the
production rate at low strain rates is negative in the fuel-rich
zone, and this effect diminishes for higher strain rates. The

equilibrium values are much smaller than those for � amelets
at low strain. This again is because of the superequilibrium
� amelet temperatures at low strain rates. The effect is of par-
ticular importance for the prediction of NO formation in the
far � eld of a turbulent jet � ame where strain rates are low. In
Fig. 4 the � amelet NO production rates with Lei = 1 are still
higher than the equilibrium value, but the maximum difference
now is about a factor 2, whereas it is more than a factor 10
for the � amelets with full differential transport. Moreover, the
� amelet peak values occur at the same value of the mixture
fraction as the equilibrium peak value.

IV. Predictions of Turbulent Diffusion Flames
The vertical diluted hydrogen � ames (75% H2/25% N2),

measured at DLR Stuttgart,20 are now considered. The
nozzle diameter is D = 0.008 m, and exit velocities are Uj =
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Fig. 3 Flamelet NO production rates [kg/(m3 s)] at various strain
rates and the equilibrium values for the 75% H2– 25% N 2 � ame-
lets.

Fig. 4 Unity Lewis number � amelet NO production rates [kg/
(m3 s)] at various strain rates and the equilibrium values for the
75% H2– 25% N 2 � amelets.

Fig. 5 Centerline variation of the mean axial velocity for the
� ame measured at TH Darmstadt. Solid line: predictions includ-
ing buoyancy effects. Dashed line: predictions without buoyancy
effects. Symbols represent measurements of Ref. 26.

Fig. 7 Centerline variation of the mixture fraction for three
� ames measured at DLR Stuttgart.20 Lines are predictions and
symbols represent measurements.

Fig. 6 Axial velocity across the � ame measured at TH Darm-
stadt26 at various axial stations. Lines are predictions and symbols
represent measurements.

56.4, 42.3, 28.2, and 14.1 m/s, with a co� ow of Uco�ow = 0.3
m/s. The Reynolds and Froude numbers of these � ames are
(Re, Fr) = (1.42 104, 40,530); (1.0650 104, 22,800); (7.1

103, 10,130); and (3.35 103, 2530), respectively. The
Reynolds number of the latter � ame (14.1 m/s, 3.35 103) is
too low and it is not computed.

The DLR measured scalar quantities, whereas velocity
measurements for a similar � ame on the same type of burner
(50% H2/50% N2 at Uj = 34.8 m/s) were performed at the
Technische Hochschule (TH) Darmstadt.26 The axial centerline
mean velocity for this � ame is predicted relatively well as can
be seen in Fig. 5. However, the predictions without buoyancy

agree better in the far � eld than those including buoyancy ef-
fects. Since it will be shown that � amelet-based temperatures
and NO mass fractions are most accurately predicted in the
near � eld because of differential diffusion issues, we will con-
centrate most on the near � eld. All of the following predictions
include gravity effects. Radial pro� les of the axial velocity
from x/D = 5 to 40 are given in Fig. 6. The experiments and
computations agree very well. Although the fuel of the Darm-
stadt � ame is a little more diluted, it can be expected that also
the velocity � elds of the Stuttgart � ame are well predicted.

The mean centerline mixture fraction, based on the hydrogen
element mass fractions shown in Fig. 7, is well predicted. The
centerline scalar � uctuation intensities

2f /F

are shown in Fig. 8. Both predictions and measurements show
an increase of the � uctuation level with decreasing exit veloc-
ity. This is because of gravity effects that become more im-
portant at lower velocities. When gravity effects are present,
F decays more rapidly with x (Ref. 22), which explains the
higher values of

2f /F

This can be observed in Fig. 8, in which a computation without
gravity for the Uj = 42.3 m/s � ame is given as a dotted line.
Centerline mean temperatures predicted with the � amelet
method with Le = 1 are shown in Fig. 9. The far-� eld tem-
perature levels are lower for the � ames at lower exit velocities
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Fig. 8 Centerline variation of the mixture fraction � uctuation
intensity /F for three � ames measured at DLR Stuttgart.202f
See Fig. 7 for details. The dotted line represents the 42.3 m/s � ame
without buoyancy effects.

Fig. 9 Centerline temperature variation predicted with the
� amelet model for three � ames measured at DLR Stuttgart.20 The
upper curves correspond to the � amelet model including differ-
ential diffusion effects and the lower curves to the � amelet model
with Le = 1. See Fig. 7 for details.

Fig. 12 Radial mixture fraction pro� les at X/D = 5. See legend
of Fig. 7 for details.

Fig. 11 Centerline variation of the NO mole fraction in ppm
predicted with the � amelet model. Upper curves correspond to the
� amelet model with differential diffusion effects, lower curves to
� amelet results with Le = 1. Experiments of DLR Stuttgart.20 See
Fig. 7 for details.

Fig. 10 Centerline composition for the 42.3 m/s � ame, predicted
with equilibrium chemistry and � amelets. Experiments of DLR
Stuttgart.20 See Fig. 7 for details.

because of the faster mixture fraction decay and the higher
scalar � uctuation intensities at lower exit velocities. The scalar
� uctuation intensity leads to the effect of unmixedness, which
can be quanti� ed as /F(1 F ), and which also re� ects the2f
intensity of turbulent scalar � uctuations. If, for instance, the
unmixedness is large while the mean mixture fraction is stoi-
chiometric, the mean � ame temperature will be lower than its
stoichiometric value because the fuel and oxidizer do not co-
exist at the same time at the same location. Exactly the same
effect can be observed when the � amelet method including
differential diffusion is used to compute the thermochemical
state (Fig. 9). However, the mean temperatures near the � ame
tip are now higher than with the Le = 1 assumption because
of the differential diffusion effects. The Le = 1 values are
closer to the experimental data because, as shown by Meier et
al.,20 differential diffusion effects in turbulent jet � ames are
mainly important close to the nozzle. In both the near and far
� eld, the centerline temperature is predicted well by both
� amelet models, including and excluding differential diffusion.
This is because in these fuel-rich and fuel-lean regions, strain
rate variations are not very in� uential, since strain-induced
temperature variations are limited to mixture fraction values
around stoichiometry.

Figure 10 shows centerline major species mole fractions for
the 42.3-m/s � ame. The � amelet and equilibrium predictions
do not differ very much and both agree relatively well with
the experiments, because the major species are not so much
affected by nonequilibrium chemistry effects.

The centerline NO mass fraction predictions are shown in
Fig. 11. The experimental maximum values are about two

times higher than the Le = 1 results. The full transport � amelet
results are much higher than the experimental data, which was
to be expected in view of the overpredicted absolute EI NOx

values.19 However, the variation of the predicted levels with
the exit velocity is predicted relatively well, which again in-
dicates that nonequilibrium effects are taken into account cor-
rectly.

Now, radial pro� les at x /D = 5 are considered. Figure 12
shows that the H-element-based mixture fraction across the jet
is predicted very well. It appears that differential diffusion,
which is most important at low exit velocities and close to the
nozzle,20 leads to slightly higher values of the H-element mass
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Fig. 15 Radial pro� les of stable species at X/D = 5. See legend
of Fig. 7 for details.

Fig. 16 Radial pro� les of the NO mole fraction in ppm at X/D
= 5. The solid line represents the � amelet results with differential
diffusion but without scalar dissipation rate � uctuations (delta
function PDF). The long-dashed curve shows the effect of includ-
ing a lognormal distribution for the scalar dissipation rate with
variance 1. The dashed line is the equilibrium chemistry curve
and the dotted line the Le = 1 � amelet result. Symbols are the
experimental data of Meier et al.20 Note the scale difference on
the left and right vertical axes.

Fig. 14 Radial temperature pro� les at X/D = 5. See legend of
Fig. 7 for details.

Fig. 13 Radial scalar variance pro� les at X/D = 5. See legend of
Fig. 7 for details.

fraction at the air side of the mixing layer. The mean mixture
fraction equation does not account for this effect because dif-
ferential diffusion is not taken into account. The scalar vari-
ance across the jet at the same axial station (Fig. 13) is some-
what overpredicted near the air side of the mixing layer. This
overprediction will in� uence the temperature predictions in
this region. The temperature pro� les at this axial station (Fig.
14) agree relatively well with the experiments, except for the
height of the peak, which is underpredicted with both models,
possibly because of the overpredicted scalar variance. There is
only a small difference between the models because near stoi-
chiometry the strain rate is such that the � amelet and equilib-
rium temperature are very close. The low values of the pre-
dicted temperatures can be the result of either an overpredicted
strain rate or an overpredicted variance of the mixture fraction.
Analyzing the numerical values of and at F fst shows2ã f
that with the local value of = 0.013, the mean experimental2f
temperature of Tmax 2241 K cannot be reproduced, not even
with the lowest strain rate in the � amelet library of a = 1 s 1.
This implies that close to the nozzle the mixture fraction � uc-
tuations are overpredicted, which was already shown in Fig.
13. The radial pro� les of the mole fractions at x/D = 5 are
shown in Fig. 15. The agreement between experiments and
predictions is very satisfactory for both models. Figure 16
shows that the � amelet NO levels including differential dif-
fusion are closest to the experimental values (within a factor
2). Equilibrium chemistry underpredicts the NO level by a fac-
tor of almost 70. The Le = 1 � amelet results show even lower
levels because of nonequilibrium effects. This indicates the
importance of differential diffusion effects in the near � eld.
Turbulent � uctuations of the scalar dissipation rate have a neg-
ligible in� uence, as can be seen from the curve labeled log-
normal, indicating the use of a lognormal PDF for the scalar
dissipation rate with variance 1. The experimental NO level
rises earlier than the predictions, while going from rich to lean

mixtures. This was also observed with the centerline variation
of the NO level and still awaits an explanation.

V. Conclusions
Detailed comparisons of predictions and measurements of

diluted turbulent hydrogen � ames have been presented. Com-
putations of the velocity and mixture fraction � eld, obtained
with a second-order turbulence model, agree well with the
measurements of Darmstadt26 and Stuttgart.20 Predictions of
the mean thermochemical variables were made with the lam-
inar � amelet method. They show that � amelet-based temper-
atures and NO mass fractions in the far � eld are overpredicted
because of the differential diffusion effects in the laminar
� amelets. Major species are less in� uenced by these effects.
However, in the near � eld differential diffusion effects are
present in the turbulent � ames and the effects should be in-
cluded in the � amelets. Reducing the effect of differential dif-
fusion in the � amelets by assuming unity Le numbers for all
species improves the far-� eld predictions signi� cantly, but NO
mass fractions are then strongly underpredicted in the near
� eld. The trend of the nonequilibrium effects on the NO mass
fractions for jet � ames at different exit velocities is well re-
produced with the � amelet method. In general, the near-� eld
predictions can be concluded to be satisfactory with the current
model; however, modi� cations of the � amelet model, notably
regarding differential diffusion effects, are necessary in the far
� eld. These modi� cations will be less important when other
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fuels, such as hydrocarbons, are considered, where differences
between the diffusion coef� cients are less important.

Future work on � amelet predictions will include radiation
effects that can play a role regarding NO production. Also, the
suppression of differential diffusion effects should depend on
a criterion such that differential diffusion is present in the near
� eld, and is suppressed in the far � eld. Globally, differential
diffusion effects should diminish with the turbulent Reynolds
number.
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